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Abstract-The Kakutani-Krein and Stone-Weierstrass theorems remain in force when the approti- 
mating family of functions satisfies more weak natural conditions. In the present note, these conditions 
are indicated. 
Let K be a compact (Hausdorff compact space) and R be a complete space of Riesz (i.e., there 
exists supA for every majorized subset A of the Riesz space R). A map f : K + R will be called 
continuous at a E K if VE > 0 3 a neighborhood V, of the point a such that 
If(x) - f(a)1 I E w, vx E v,. 
Here, w is a given element of R, w > 0 (for example, R = W and w = 1). As usual, f is called 
continuous on K if f is continuous at each point of K. The collection of the continuous maps 
f : K -+ R is denoted by C(K). At last, a map f : K ---, R is a limit of uniformly convergent 
sequence of maps fn : K -+ R [it will be denoted by fn 3 f if VE > 0 3 no E N such that 
Ifn(x) - f(x)I I EW, Vx~K,nlno. 
THEOREM. Let E be a family of maps f : K + R such that 
1) E is a space of Riesz 
2) E 3 fn =t f implicates f E t. 
3) E contains all function-constants 
4) V points 21 # x2 from K, V points wr , w2 from R 3f E E such that f(x1) = WI, 
f(x2) = w2 and the map f is continuous at 11 and x2. 
Then, E > C(K) . 
EXAMPLE 1. 
This theorem coincides with the theorem of Kakutani-Krein if R = Fp, E C C(K), w = 1. 
EXAMPLE 2. 
Suppose that R = R, w = 1, F is a family of bounded functions f : K -+ R such that 
* F is a ring with the unit 1~ 
* V points x1 # 22 from K 3f E F such that f (x1) # f(x2) and f is continuous at ~1 
and x2. 
Then, the family 8 = E (in the uniform metric) satisfies the conditions of the theorem, and 
therefore, @ 1 C(K). Th us, in this case F c C(K) the theorem coincides with the theorem of 
Stone-Weierstrass. 
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EXAMPLE 3. If A’ is a compact metric separable space, then there exists a countable multiplica- 
tive base r (i.e., U, V E T implicates U n V E T>. If now F is the class of functions of the 
form 
f=elIul +~*~+c,lcJ,, 
where ci E W, Vi E I, then F satisfies the conditions of Example 2, and therefore, F > C(I(). 
In particular, VP E C(K) and E > 03 real numbers cl,. . . , c, and open sets Vi,. . . , iJ, (from r) 
such that 
MS) - qM4,(~)I < E, v’21 E Ii’. 
PROOF (uses usual idea of Stone-Weierstrass theorem proof; see, for example, [l]). 
Let E > 0, cp EC(K). 
(1) V points a, b of K 3 f& E f such that f&(a) = q(a), f&,(b) = $0(b) and f,,b is COntinUOUS 
at Q and b. 
(2) Let b E K. Then, VQ E K 3 a neighborhood U, of the point a such that f&,(z) > (P(Z)--~w, 
Vz E U,. The open cover {Ua : a E K} of the compact K contains a finite subcover 
~“O,,~~~,~O,}~ Put fb = folbv...v fa,b. 
Then, fb(x) 2 p(z) - EW, Vz E K, fb(b) = p(b), fb is continuous at b E K. 
(3) Vb E K 3 a neighborhood vb of the point b such that fb(x) 5 p(x) + EW, Vx E Va. The 
open cover {vb : b E K} of the compact K contains a finite subcover 
{vb,,.* .,k(h,}. Put f = fbl A***A fb,. 
Then, f(x) 5 p(x) + EW, Vx E K and, thanks to (2), f(x) > p(x) - EW, Vz E K. It gives 
If(x) - cp(x)l I EW, Vx E K. It remains to remark that f E E and to use the property 3). 
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